Introduction
Many numerical simulations are often necessary in order to understand the attitude response and control characteristics of a rigid-body vehicle. In fact, sensitivity and/or error analyses, using numerical integration, may be prohibitively expensive and time consuming, especially when a large number of problem parameters are involved. Analytical models can be of great help in obtaining a qualitative understanding of the complex dynamical behavior; even simple heuristic analytical results may provide a fast and relatively accurate model for maneuver analysis. This approach has been proved to be very useful in the past (Hintz and Longuski, 1985; Kia and Longuski, 1984; Longuski, Kia and Breckenridge, 1989) . Moreover, for future applications it appears that the trend for autonomous on-board guidance control schemes dictates the use of compact, simple, analytical expressions modeling the attitude evolution. The development of such analytic solutions for the attitude history of rotating bodies thus provides a cornerstone for the advent of autonomous, closed-loop navigation. Even for the case of optimal open-loop control laws, analytic solutions can be very helpful in the associated two-point boundary value problem, providing a first guess for shooting-method algorithms. Analytic solutions are also important in the area of attitude reconstruction, where modern satellite telescopes require a precision of a few milliseconds of arc for the success of the Contributed by the Applied Mechanics Division of THE AMERICAN SOCIETY OF MECHANICAL ENGINEERS for publication in the JOURNAL OF APPLIED ME-CHANICS.
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Manuscript received by the ASME Applied Mechanics Division, Apr. 10, 1992; final revision, Oct. 22, 1992. Associate Technical Editor: R. L. Huston. mission (Bois, 1986) . In such cases attitude reconstruction by numerical integration is not suitable; it is necessary to have analytical representations, using as few parameters as possible. Thus, the revival of interest in analytic solutions for the rigidbody dynamics problem comes as no surprise. In fact, attitude evolution of a rigid body has been extensively studied over the past few decades.
Analytic solutions for the attitude motion of a rigid body have been obtained recently for the constant body-fixed torque problem by Longuski (1980 Longuski ( , 1991 and Tsiotras and Longuski (1991a) . By this term, we mean the problem of a rotating rigid body under the influence of an external torque vector, which has constant components along the axes of a coordinate frame fixed in the body. Practical applications of this problem include the case of spinning satellites in space, where the torques are created internally in the body, e.g., as a result of a thruster firing. This problem is often referred to in the literature as the self-excited rigid-body problem and includes all the cases when the acting torques do not depend on the actual orientation of the body in inertial space. It does include, however, the case when the acting torques have a prescribed time-varying behavior in a reference frame fixed in the body. This is exactly the case that we are interested in. In this paper we assume that the transverse torques vary continuously with time, and are modeled as polynomials, or more generally, as truncated Taylor series expansions of analytic functions. The axial torque is assumed to be constant. This restriction can be relaxed, although a different procedure is necessary in order to handle the more complex integrals arising in this case (see Part II). The solution for the angular velocities is exact for symmetric rigid bodies, and very accurate for near-symmetric rigid bodies. In the case of the Eulerian angles, the solutions are always approximate because of a small angle assumption. We use the term symmetric (or equivalently, axisymmetric) for bodies with two equal principal moments of inertia. The term near-symmetric will refer to bodies with two principal moments of inertia that do not differ "too much." When the body is symmetric or nearly symmetric, we will also assume that the spinning axis is the third principal axis, being perpendicular to the plane defined by the two principal axes with equal.(or nearly equal) moments of inertia.
Since every torque that varies continuously with time can be approximated to any desired degree of accuracy by polynomials, the analysis permits one to develop more realistic models of spacecraft torques and forces; these then may be applied to a variety of current and future problems involving chemical, ion, and solar sail propulsion. Another work by the authors (Tsiotras and Longuski, 1991b ) examines the closely related problem when the acting torques are periodic functions of time, or alternatively, torques that can be expressed in terms of Fourier expansions. In such cases, solutions have been obtained for both the angular velocities and Eulerian angles; however, the analysis is more involved because the frequency of the acting transverse torques generates a two-parameter family of integrals, the explicit evaluation of which is very tedious. Since Fourier and Taylor expansions are the most common techniques of functional approximations, the results can be used in many applications. One, of course, would expect that the results of Tsiotras and Longuski (1991b) will be more helpful for discontinuous torques, or when the torques exhibit some kind of periodicity. For most of the other cases, however, the results of the current work will be more relevant and easier to apply.
Analytic Solution of Euler's Equations of Motion
Euler's equations of motion for principal axes at the center of mass are
In these equations M x , M y , and M z are the torque vector components, w x , w y , and w z are the angular velocity vector components, and I x , I y , and I z are the principal moments of inertia. As usual, a dot represents differentiation with respect to time. No explicit analytic solutions of this system of nonlinear differential equations are known to exist for arbitrary functions of the external torques M x , M y , and M z . In fact, no exact solutions are known, without the need of some simplifying assumptions, even for the case of M x , M y , and M z being constant. Assuming that only M z is constant and that the last term of Eq. (3) is small (either because of near symmetry or because of the product co^ being small) we obtain
This approximation has been proved very useful in previous developments (Longuski, 1980; Longuski, 1991; Tsiotras and Longuski, 1991a) and is exact for the case of a symmetric rigid body (defined here by I x = I y ). Surely this approximation is very accurate also for the case of a spin-stabilized spacecraft, when both co x and o y tend to remain small, even when no symmetry assumption can be made. This approximation in the solution of Eq. (3) allows one to decouple the third-order system of nonlinear differential Eqs. (l)-(3). Therefore, assuming the validity of Eq. (4), one can merely concentrate on Eqs. (1) and (2), which now become a set of two coupled, but linear time-varying differential equations. The use of the change to the new independent variable T(04CO Z (0 (5) and the transformation of the dependent variables
, kA^Jk x k y allows one to combine both Eqs. (1) and (2) 
a)
In Eq. (7) we Have
where F=F(T) is now considered as a function of T. It is assumed, without loss of generality, that the spin axis is the axis of the largest moment of inertia I z , and for the sake of consistency we will assume that I z >I x >I y . This choice will imply stable motion about the spin axis. The following procedure can be applied with a few modifications to the case when the z-axis is the minor principal axis, as well. The case when /;. represents the intermediate axis will not be considered, since it always results in unstable motion. The solution for the transverse angular velocities can be written immediately as follows:
where Q 0 AU(r 0 )exp [-(ip/2) rl] and Q(T 0 ) is the initial condition in the new independent variable T. The only difficulty that arises in the computation of the solution for the transverse angular velocities o> x and w y comes from the integral of the nonhomogeneous part of the solution, due to the forcing function F(T). We are, therefore, merely interested in computing the integral appearing in (10), that is,
for the special case when the transverse torques, M x and M y , are assumed to take the form of polynomials. Using the affinity of the transformation (4) and (5), one can assume, without loss of generality, the following expression for M x and M y in the new independent variable T
where M Xi " and M y<n are constants, and some of them can be zero. (Therefore, there is no loss of generality in assuming that both M x and M y are polynomials of the same degree.) Equation (12) implies that because of the simple character of the transformation (5), polynomial functions in the original independent variable t, correspond to polynomials in the new independent variable T. This is not the case, however, when M z is not constant, and the relationship between the two expressions is not that obvious. Part II of the paper addresses this problem. Using Eqs. (8), (9), and (12) where for convenience the following integrals have been introduced:
In(ro, T;P)^ exp I -/-u 2 )u"du, « = 0,1,2, . . ., m.
Integrals of the form
( 16) can be evaluated easily by means of the recurrence formula
To obtain all the integrals from (17) one needs to find the first two terms of the sequence. This can be done using the following expressions:
where E(x) represents the complex Fresnel integral function of the first kind defined by
There exists also the complex Fresnel integral function of the second kind defined by
The foregoing two functions are related by
. Series and asymptotic representations of these functions can be found, for instance, in Abramowitz and Stegun (1972) . We have assumed, without loss of generality, that in Eq. (18) p is positive (which corresponds to a spin-up), since from (16) one sees that for p negative (spin-down) one merely takes the complex conjugate of Eq. (18), that is, I 0 {x;p) = I 0 (x; -p) where the asterisk denotes complex conjugation. Both cases can be handled at the same time by defining the function
Since we have assumed that I Z >I X >I y the case of p = 0 is of no concern to us, since it corresponds to either l z = I y or I z = l x , and in either case the problem reduces to the axisymmetric case. Therefore, one can solve exactly for one of the components of the angular velocities (u> x if I z = I y or w y if I z = I x ) and substitute in the other two. It is clear that by relabeling the axes, the problem can be cast into the current framework of analysis. On the other hand, if I l = I x = I y , then the solution of the system of the differential Eqs. (l)-(3) becomes trivial. Hence, in any case we can assume, without loss of generality, that p?*Q. Using (22), we have that for both spin-up and spindown, the integral Io(x;p) can be evaluated by
In this expression sgn denotes the signum function such that sgn(x)=l, for x>0, sgn(x)= -1, for x<0, and sgn(x) = 0, for x = 0. Therefore, Eqs. (10) and (14) give the complete solution for the transverse components of the angular velocity vector Co* and u y in terms of complex Fresnel integrals (20). The solution for co z was found in (4).
Analytic Solution of Attitude Motion
We use Eulerian angles to describe the attitude orientation of a rotating body. Although other descriptions of the attitude are also available (Euler parameters, direction cosines) the Eulerian angles have the advantage of directly representing physical quantities, making them amenable to engineering insight. We have chosen to use Eulerian angles in the present analysis mainly for this reason. Using a 3-1-2 Eulerian angle sequence (Wertz, 1980; Kane et al., 1983) , the kinematics obey the following set of differential equations:
Under this parameterization of the kinematics, the orientation of the local body-fixed reference frame with respect to the inertial reference frame is found by first rotating the body about its z-axis through an angle <f> z , then rotating about its x-axis with an angle <j> x and finally by rotating about its _y-axis by an angle </> y . Note that a singularity exists in Eqs. (25) and (26) for 4> x = ±7r/2. For a 3-1-2 sequence, <j> x and 4> y describe the attitude deviation of the spin axis from its initial orientation (assumed to be the inertial Z-axis), that is caused from the application of disturbances. For a spin-stabilized body these represent unwanted deviation of the spin axis and are often referred to as the attitude error components.
A small angle approximation for 4> x , 4> y is therefore quite reasonable for a spin-stabilized body, and together with the assumption that the product <j>yW x in Eq. (26) is usually small compared to u> z , reduces the previous system of equations, (24)- (26), to the following reduced system of three linear timevarying differential equations: The solution for <j> z is given immediately by
Since the solution of o> z is known from (4), one can combine the two equations (27) and (28) into the following single complex scalar equation:
where the complex variables <j>(t) 4 4> x (t) + i<j> y (t) and to(0 4 w x {t) + io> y (t) have been introduced. Using the new independent variable T as was done in Eq. (5), one gets that
where X is defined by \^p/k = I z /M z . Equation (32) is a linear time-varying differential equation in the complex plane. The complex angle </ > represents a measure of the total deviation of the spin axis. The differential equation for $ has the solution <MT) = <MXP'
From the recurrence formula for I"{u\p) given in Eq. (17), one can easily verify the following recurrence formula for 7,i(T 0 ,r,/x,p):
where (/> o A0(T O )exp [/(X/2)TO] and (/>(TO) represents the initial condition for the transverse angles <f> x and 4> y in the new independent variable. The solution involves an expression for o>(r) instead of fi(r), which has been already found in Eq. (10). However, it is easy to see that w(r) can be expressed in terms of the already known solution of Q(r) to obtain
Since one readily computes X w(r) = fi(r) 2k (34)
the use of the above recurrence formula allows one to reduce the evaluation of the integral J"(TO,T;IX,P) to the evaluation of the first two unknown terms of the sequence, given by Therefore, in order to solve for the Eulerian angles, one needs to evaluate the two integrals /*,(ro,r;X,p) £ j exp
Recall that from Eqs. (10) and (11) where, from Eq. (14), 7 U (T 0 ,T;P) = ^ F"I"{TO,T;P) and 7"(T 0 ,T;P) was given in Eq. (15). If one substitutes (37) into (35) and (36), after carrying out the algebra, one obtains
The integral in (45) can easily be computed using Eq. (19) as
7,*, 1 (TO,T;X,P) = ^o -2 By the change of variable w^VTpT/VM, the above integral simplifies to
where/n4X + p = X(l+fc) and K4X-P = A(1-£). The first integral in (38) is computed by
In similar way one handles the first integral in (39). The second integrals appearing in Eqs. (38) and (39) are of the same form and can be handled simultaneously. Therefore, we present next how one computes the second integral in (38), with the provision that the computation of the corresponding integral in (39) 
Numerical Example
A numerical example is used in order to demonstrate the accuracy of the analytic solutions. The inertia parameters are based on the Galileo spacecraft (Longuski, 1991) and are given by 7 X =2985 kg-m 2 , 7^ = 2729 kg-m 2 , and 7, = 4183 kg-m 2 . The Galileo spacecraft is a dual spin vehicle. It can operate in an all-spin mode in which the rotor and the stator revolve together, or a dual-spin mode with the stator fixed in inertial frame. The above values correspond to its all-spin mode, i.e., when the stator and the rotor are locked and are rotating with the same spin velocity. We consider first a spin-up maneuver from w z (0) = 3.15 rpm to a> z (tj)= 10 rpm. For the purpose of illustration, the transverse torques M x and M y are assumed to be given by 
The coefficients of the corresponding polynomials of M x and My in terms of r in Eq. (12) can then be computed, using (4) and (5). The initial conditions for co x , u> y , <f> x , 4> y , and </ > z are all assumed to be zero. The spin-up maneuver is simulated with a (26)). As shown in the figures, the analytic solutions are very close to the exact solutions for the case of a spin-up maneuver. In fact, the analytic solutions are indistinguishable from the exact solutions when presented on the same plot. Only the w x and (j> x solutions are plotted since w y and 4> y exhibited similar behavior.
A spin-down maneuver through zero spin rate, is considered next, from co 2 (0) = 3.15 rpm to co 2 (;y)= -3.15 rpm, with all other initial conditions set to zero, as before. The torque M z is considered to be constant atM z = -13.5 N-m. The transverse torques are given again by Eqs. (52) spin-down maneuver represents a much more difficult case for the analytic solutions of the Eulerian angles when zero spin rate is reached, because the stabilizing effect of spinning about the maximum principal axis of inertia vanishes, and the transverse torques cause the angles to grow suddenly, as can be seen in Fig. 4 . At this point the small angle assumption begins to break down and nonlinear behavior is exhibited. This is clear from Figs. 4 and 5 where the solid line indicates the exact solution, while the dotted line represents the analytic solution.
• It is interesting to note, however, that even though the value of <j> x exceeds 1 radian in Fig. 4 , the general behavior is still qualitatively predicted by the analytic solution. For a further discussion of the large angle problem see Tsiotras and Longuski (1992) .
5 Conclusions Approximate analytic solutions have been derived for the attitude motion of a near-symmetric spinning rigid body, under the influence of transverse time-varying torques, expressed as polynomial functions. The torque about the spinning axis is assumed to remain constant. Analytic solutions were derived for both the angular velocity vector and the Eulerian angles. These solutions were shown to be very accurate when compared with the exact solutions for typical spacecraft maneuvers in a numerical example. In fact, the solution of the angular velocities are exact when the rigid body is axisymmetric. The solutions for the Eulerian angles are always approximate due to a small angle assumption, but they remain valid for a large class of practical applications. Part II of the paper extends the preceding results to include cases when all three components of the external torque vector are time-varying.
